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We investigate the charge transport property of superconductor (S) /normal metal (N) / fer-
romagnet insulator (FI) /(normal metal) N’ and S/N/FI/N’/S Josephson junctions on a three-
dimensional topological insulator surface. We find the asymmetric local density of states (LDOSs)
in a S/N/FI/N’ junction and show that the N interlayer gives rise to subgap resonant spikes in the
differential conductance and LDOSs. In a S/N/FI/N’/S junction, the Josephson current shows a
non-sinusoidal current-phase relation and the N (or N’) interlayer decreases the magnitude of the
critical current monotonically.
PACS numbers: 74.45.+c,71.10.Pm,74.90.+n
I. INTRODUCTION
Three dimensional (3D) topological insulator (TI) is a
phase of matter with topologically protected Dirac-type
surface states on their time reversal invariant point [1–
12]. With coupling to a ferromagnet (F), Dirac fermions
show many exotic properties such as magnetoelectric ef-
fect [13–18]. By the proximity effect to a superconductor
(S), the 3D TI surface states may become a topological
superconductor [19]. When F and S coexist on 3D TI sur-
faces, it is found that chiral Majorana edge states can be
generated at the boundary between them [19–21], which
leads to the formation of zero-biased conductance peak
(ZBCP) [22] as experimental signatures[23, 28–31]. In-
trinsic topological superconductivity has also been found
in doped 3D TIs, e.g., CuxBi2Se3 [32–36].
On the other hand, a variety of interesting phe-
nomena about Josephson effect in TI materials have
been discovered [41–47]. Recently, a non-sinusoidal
current-phase relation has been reported in the 3D TI
HgTe junction [47]. In the 3D TI heterojunctions
like Nb/Bi1.5Sb0.5Te1.7Se1.3/Nb, the temperature depen-
dence of the critical current is almost linear in most of
the range [46]. Also, the novel Josephson effect involving
Majorana fermions has been predicted theoretically [23–
27], however, there has been no experimental report yet.
The rapid development in experiments requires for a the-
oretical approach which can deal with realistic structures
for Josephson junctions on 3D TI surface.
In this article, we address how to compose Green’s
function by wave functions on superconducting 3D TI
surface. Using the resulting formalism, one can ana-
lyze the spacial dependence of physical quantities, such
as local density of states (LDOSs) and pair potentials.
Also, this approach provides an efficient way to cal-
culate Josephson current for realistic junctions on 3D
TI surfaces. In this work, we consider the S/normal
metal (N)/ferromagnetic insulator (FI)/N’ junction and
S/N/FI/N’/S Josephson junction as examples. Since
making direct contact between F and S regions is not
easily accessible in actual experiments, the presence of
N interlayer between S and F is a more realistic setup to
study Majorana fermions. In the S/N/FI/N’ junction, we
find that the conductance spectra and LDOSs have spikes
as a function of bias voltage and quasiparticle energy E,
respectively. The resulting LDOSs shows an asymmetric
energy dependence around E = 0 . For the S/N/FI/N’/S
junction, we find that the distance of N interlayer (or N’
interlayer) decreases the critical current monotonically.
The junctions with or without FI show a non-sinusoidal
current-phase relation at low temperatures.
The paper is organized as follows: In section II, we in-
troduce our model and construct the Green’s function. In
section III, we show numerical results for S/N/FI/N’ and
S/N/FI/N’/S junctions and discuss them. A conclusion
remark is given in Section IV.
II. MODEL
We consider the ballistic S/N/FI/N’ and S/N/FI/N’/S
junctions which are shown in Fig.1. The system can be
described by the BdG Hamiltonian [23, 53]
Hˆ =
[
h(kx, ky) +M iσˆy∆
−iσˆy∆
∗ −h∗(−kx,−ky)−M
∗
]
, (1)
in
(
Ψ↑,Ψ↓,Ψ
†
↑,Ψ
†
↓
)T
basis, where h(kx, ky) = vf (kyσˆx−
kxσˆy) − µ(Θ
(
−x+ Ln(n1)
)
+ Θ
(
x− Ln(n1) − Lf
)
) for
the S/N/FI/N’ (S/N/FI/N’/S) junction. σˆi=x,y,z are
the Pauli matrices in the spin space and µ is the
chemical potential. Throughout the paper, we set
~ = 1. The exchange field in F region is M =∑
i=x,y,zmiσˆiΘ
(
x− Ln(n1)
)
Θ
(
Ln(n1) + Lf − x
)
for the
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FIG. 1. Schematics of the system: (a) S/N/FI/N’ and (b)
S/N/FI/N’/S formed on the surface of a 3D topological insu-
lator. The local density of states can be detected by the STM
tip. The differential conductance and the suppercurrent can
be obtained from the leads on the two sides.
S/N/FI/N’ (S/N/FI/N’/S) junction. The pair poten-
tial ∆ is given by ∆0Θ(−x) for the S/N/FI/N’ junction
and ∆0[Θ(−x) + e
−iφΘ(x − Ln1 − Lf − Ln2)] for the
S/N/FI/N’/S junction, where φ is the macroscopic su-
perconducting phase.
In this article, we use a standard formula of tunneling
spectroscopy [22, 52] as shown in Ref.[23] to obtain dif-
ferential conductance spectra of the S/N/FI/N’ junction.
Here, we would like to present the way of constructing
the retarded Green’s function which has recently been
applied to relativistic system like Graphene [54, 55], and
1D helical states on TI [56]. In our system, the transla-
tional invariance along the y-axis is preserved, thus the
retarded Green’s function with respect to Eq.1 has the
form Gˇ(x, x′, y, y′) =
∑
ky
Gky (x, x′)eiky(y−y
′). The re-
tarded Green’s function can be written as [48–51, 55]
Gky (x, x′) = α1ψ1(x)ψ˜
T
3 (x
′) + α2ψ1(x)ψ˜
T
4 (x
′)
+α3ψ2(x)ψ˜
T
3 (x
′) + α4ψ2(x)ψ˜
T
4 (x
′),
(2)
for x > x′ and
Gky (x, x′) = β1ψ3(x)ψ˜
T
1 (x
′) + β2ψ4(x)ψ˜
T
1 (x
′)
+β3ψ3(x)ψ˜
T
2 (x
′) + β4ψ4(x)ψ˜
T
2 (x
′),
(3)
for x < x′. ψi=1∼4 (x) are wave functions of Eq.(1) with
wave vector ky . ψ1(2)(x) is the wave function for an in-
cident electron-like (hole-like) particle from the left side.
ψ3(4)(x) is the wave function for the incident electron-
like (hole-like) particles from the right side. ψ˜i=1∼4(x
′)
are the wave functions corresponding to the conjugate
processes under the Hamiltonian
H˜ =
[
h˜(kx, ky) +M
∗ iσy∆
∗
−iσy∆ −h˜
∗(−kx,−ky)−M
]
(4)
with wave vector −ky and h˜(kx, ky) is given by
h˜(kx, ky) = vf (−kyσx − kxσy)− µ[Θ(−x+ dn1) + Θ(x−
dn1 − df )]. For example, in the left S side, the wave
functions are
ψ1(x) = Aˆ1e
ik+x + a1Aˆ4e
ik−x + b1Aˆ3e
−ik+x, (5a)
ψ2(x) = Aˆ2e
−ik−x + a2Aˆ3e
−ik+x + b2Aˆ4e
ik−x, (5b)
ψ3(x) = c3Aˆ3e
−ik+x + d3Aˆ4e
ik−x, (5c)
ψ4(x) = c4Aˆ4e
ik−x + d4Aˆ3e
−ik+x, (5d)
and
ψ˜1(x
′) = Bˆ1e
ik+x
′
+ a˜1Bˆ4e
ik−x
′
+ b˜1Bˆ3e
−ik+x
′
, (6a)
ψ˜2(x
′) = Bˆ2e
−ik−x
′
+ a˜2Bˆ3e
−ik+x
′
+ b˜2Bˆ4e
ik−x
′
, (6b)
ψ˜3(x
′) = c˜3Bˆ3e
−ik+x
′
+ d˜3Bˆ4e
ik−x
′
, (6c)
ψ˜4(x
′) = c˜4Bˆ4e
ik−x
′
+ d˜4Bˆ3e
−ik+x
′
. (6d)
The corresponding wave vectors are represented by k± =√
(µ±
√
E2 −∆20)
2/v2f − k
2
y ≡ qe(h) cos θ± and qe(h) =
(µ±
√
E2 −∆20)/vf . The spinors are given as
Aˆ1(Bˆ3)=[iu,±e
±iθ+u,∓e±iθ+v, iv]T , (7a)
Aˆ2(Bˆ4)=[ie
±iθ−v,∓v,±u, ie±iθ−u]T , (7b)
Aˆ3(Bˆ1)=[ie
±iθ+u,∓u,±v, ie±iθ+v]T , (7c)
Aˆ4(Bˆ2)=[iv,±e
±iθ−v,∓e±iθ−u, iu]T , (7d)
where u and v are given by u(v) =√
(E ±
√
E2 −∆20)/2E. Other wave functions can
be found in the Appendix. The coefficients ai, bi,
a˜i and b˜i can be solved from the boundary con-
dition for relativistic systems. For example, in
S/N/FI/N’ junction, the boundary conditions are:
ψi(x = 0+) = ψi(x = 0−), ψi(x = dn+) = ψi,(x = dn−),
ψi(x = dn + df+) = ψi(x = dn + df−), and similar to
other processes. αi=1∼4 and βi=1∼4 can be determined
by the boundary conditions of Green’s function
Gky (x+ 0, x)−Gky (x− 0, x) = v−1f (iτˆz σˆy), (8)
where τˆi=x,y,z are the Pauli matrices in the electron-hole
space. In real materials, the magnitude of the supercon-
ducting gap is much smaller than the chemical potential
∆0 ∼ 10
−3µ, so we can use the quasiclassical approxima-
tion as qe ∼ qh and θ+ ∼ θ− ≡ θ. Then one can easily
obtain the values of αi=1∼4 and βi=1∼4,
α1(4) = [2ivf cos θ(u
2 − v2)(d˜3d˜4 − c˜3c˜4)]
−1c˜4(3), (9a)
α2(3) = [2ivf cos θ(u
2 − v2)(c˜3c˜4 − d˜3d˜4)]
−1d˜3(4),(9b)
β1(4) = [2ivf cos θ(u
2 − v2)(d3d4 − c3c4)]
−1c4(3), (9c)
β2(3) = [2ivf cos θ(u
2 − v2)(c3c4 − d3d4)]
−1d3(4).(9d)
From the Green’s function, we can obtain the local den-
sity of states for electrons: ρe(x,E) and that for holes:
3ρh(x,E),
ρe(h)(x,E) = ρe(h),↑(x,E) + ρe(h),↓(x,E), (10)
where the spin-resolved LDOSs are given by
ρe,↑(↓)(x,E) = −
1
pi
∑
ky
Im[G
ky
11(22)(x, x,E)], (11)
ρh,↑(↓)(x,E) = −
1
pi
∑
ky
Im[G
ky
33(44)(x, x,E)]. (12)
The dc Josephson current is determined by electric
charge conservation rule
∂tP + ∂xJx + S = 0, (13)
where P = Ψ†↑Ψ↑ + Ψ
†
↓Ψ↓, Jx = ivf (Ψ
†
↑Ψ↓ − Ψ
†
↓Ψ↑) and
S = 2Im[∆∗Ψ↓Ψ↑ − ∆
∗Ψ↑Ψ↓] are electric charge den-
sity, electric current and source term, respectively. Af-
ter straightforward calculations following Ref.[49, 51], we
find that the total Josephson current is
Jx = ekBT
∑
ky ,ωn
∆
2
sgn(ωn)√
ω2n +∆
2
[a1(iωn)− a2(iωn)] ,
(14)
where ωn is the Matsubara frequency ωn = pikBT (2n+
1), (n = 0,±1,±2....). Eq.(14) shows that Furusaki-
Tsukada’s formula [49] can also be applicable to the
ballistic Dirac-like electron systems on 3D TI surfaces
[57, 58]. It enables us to directly calculate the dc Joseph-
son current in even more complicated or long Josephson
junctions on 3D TI surface without starting from the en-
ergy levels of Andreev bound states [23, 59].
III. NUMERICAL RESULTS
A. S/N/FI/N’ junction
First, we show the conductance σs (see Appendix) of
S/N/FI/N’ junction in Fig.2. We normalized σs by σn
which is the conductance when S is in normal state. We
only consider the exchange field along z− and x−axis
since the magnetization along y−axis does not change
the conductance [23]. The length of the N layer be-
tween S and FI is denoted by Ln. The direct contact
between S and FI means Ln = 0. For sufficient large
mz(mx), the normalized conductance has a ZBCP sim-
ilar to that in chiral p-wave superconductor [23] when
magnetic field is along z-axis as shown in Fig.2(a). Also
we can see from Fig.2(b), ZBCP appears when the mag-
netization is along x−axis. As Ln increases, the sub-gap
resonant peaks show up (Figs.2(c)∼(f)). The number of
such peaks grows with Ln.
This oscillatory phenomenon can also be seen in
the local density of states ρe(h) (x,E). We normalize
1
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FIG. 2. Normalized tunneling conductance as a function of
bias voltage (eV/∆0) for S/N/FI/N’ junctions. (a), (b): Ln =
0, (c), (d): Ln = ξ and (e), (f): Ln = 3ξ. Black curve:
mz/µ = 1 and red curve: mx/µ = 1. µ=1, vf=1, ∆0 = 0.001
and Lf = 0.001ξ are chosen for all the panels.
ρe(h) (x,E) to that of the electron density of states of
the bulk normal metal ρn at Fermi energy. Here, we
choose the position in the middle of FI x0 = Lf/2 + Ln
and show the density of states in Fig.3. When Ln 6= 0,
we obtain the subgap peaks again as shown in Fig.3(c ∼
f). The formation of such peaks can be explained as fol-
lows. We know that the wave vector for electron (hole) is
k±n =
√
(µ± E)2/v2f − k
2
y. The condition of forming the
Andreev bound states in the N layer can be estimated
from the Bohr-Sommerfeld quantization condition as
ei(k
+
n−k
−
n )Ln = 1, (15)
which shows that the number of peaks is proportional to
Ln. Similar formation of Andreev bound states was also
revealed in junctions with 1D helical edge states[60].
We also find the asymmetric E dependence of LDOSs
near the S/FI interface, e.g., ρe (x0, E)(ρh (x0, E)) in
Fig.3. The asymmetry becomes prominent when mag-
netization is along z axis (Figs.3(a), (c) and (e)). We
know that ρe (x,E) and ρh (x,E) are symmetric func-
tions of E for chiral p-wave superconductor when ∆0 is
much smaller than µ [61]. In that case, the time-reversal
symmetry is already broken in the bulk states of p-wave
superconductor. On the other hand, the superconductor
on TI is time-reversal invariant and can not support chi-
ral edge mode without attaching ferromagnet. Therefore,
we can imagine that the chiral edge mode studied here
40.4
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FIG. 3. Local density of states in the middle of FI in the
S/N/FI/N’ junctions as a function of energy (E/∆0): (a),
(b): Ln = 0, (c), (d): Ln = ξ and (e),(f):Ln = 3ξ. Solid line
for electron density of states and dashed line for hole density
of states. Other parameters are chosen as the same as in
Fig.2.
has a nature similar to Shiba-type bound states [38–40]
by magnetic impurity scattering.
In usual case, where the spin degree of freedom is de-
generate, the emerging Shiba-states still follow the re-
lation ρe(h)(x,E) = ρe(h)(x,−E), although the decom-
posed LDOS in each spin sector ρe(h),σ(x,E) does not
satisfy ρe,σ(x,E) = ρe,σ(x,−E). Since ρe(h),σ(x,E) =
ρe(h),−σ(x,−E) is satisfied, after summing up each spin
component, ρe(h)(x,E) = ρe(h),↑(x,E) + ρe(h),↓(x,E) =
ρe(h),↓(x,−E) + ρe(h),↑(x,−E) = ρe(h)(x,−E) is satis-
fied. Then, the resulting LDOS is symmetric around
E = 0. On the other hand, if the spin degeneracy is lifted
in the superconductor, it is possible that the LDOS be-
comes asymmetric. In the present case, there is a strong
spin-momentum locking in the superconducting region
by spin-orbit coupling. Then the asymmetric energy de-
pendence of ρe(h)(x,E) appears near the S/FI interface.
In recent experiment of scanning tunneling spectroscopy
(STS), similar asymmetric behavior of LDOSs has been
observed in 1D S/F system[37]. We can regard our find-
ing in Fig. 3 as another example of asymmetric LDOSs
in planar S/F junction which can be detected in STS.
To see the spacial dependence of the Majorana states
in such junctions, we show the zero energy density of
states ρe(x,E = 0) throughout the junction. Because
ρe(x,E = 0) is 0 in both isolated S and FI region, sig-
nificant enhancement of ρe(x,E = 0) in S/FI interface
of S/FI/N junction can be regarded as the experimental
signature of chiral Majorana fermion. In the S region,
we can estimate that the characteristic length expressing
the spatial change of ρe(x,E = 0) is the order of macro-
scopic length scale: ξ. This means a sufficient possibility
to detect the presence of Majorana fermion experimen-
tally by STS, since the manipulation of tip of STS just on
the the S/N or S/F boundary with high resolution is not
easy. Also, as seen in Fig.4(b), even if there is a normal
layer between S and FI, the enhancement of ρe(x,E = 0)
in both F and S is not affected. In the N layer between
S and FI, ρe(x,E = 0) is almost constant. In the right
N layer, we find oscillations of ρe(x,E = 0) on the scale
of the inverse Fermi momenta. However, this oscillatory
behavior may be difficult to be detected in actual exper-
iment.
FIG. 4. Spacial dependence of zero energy states in (a)
S/FI/N junction and (b) S/N/FI/N’ junction. The width
of F layer is Lf = 0.001ξ and that of the N layer in (b) is
Ln = ξ. Other parameters are the same as in Fig.2. The
scale of the horizontal axis is different in each region.
B. Josephson effect
Before discussing the S/N/FI/N’/S junction, let us
first look at S/N/S junction. Using Eq.(14), we plot
the dc Josephson current in Fig.5. It is normalized to
eRNJ/∆0 where RN is the interface resistance per unit
area in the normal state. In panel (a), we can see that
the current-phase relation is non-sinusoidal for short-
junction in low temperature. This characteristic remains
in the long-junction, as shown in panel (c). We notice
that in recent experiment of Nb/3D-HgTe/Nb Josephson
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FIG. 5. S/N/S Josephson junction: (a) Current-phase rela-
tion and (b) critical current for Ln = 0.01ξ. (c) and (d) are
those for Ln = ξ. Length dependence of Ln for T = 0.1Tc:
(e) current-phase relation and (f) critical current. Other pa-
rameters are chosen as the same as in Fig.2.
junctions, the current-phase relation is found to be non-
sinusoidal [47]. The experimental condition corresponds
to low temperature and long-junction in our calculation.
We find a similar result in that limit as shown in (c). The
temperature dependence of critical current Jc for short
and long circumstances are given in panel (b) and (d),
respectively. We observe that for high temperature, Jc
is a concave function of T at small Ln while it becomes
a convex function with large Ln. It is also interesting
to notice that in the large area of low temperature, Jc
is nearly a linear function of T in both short- and long-
junction. This result is in good agreement with the recent
experiments in long Nb/Bi1.5Sb0.5Te1.7Se1.3/Nb Joseph-
son junction [46]. In Figs.5(e) and (f), we plot the length
dependence of Josephson current.
We now consider S/N/FI/N’/S Josephson junctions.
The length of N layer on the two side of FI is denoted
as Ln1 and Ln2. When Ln1 and Ln2 is on the super-
conducting coherence length scale, the junctions become
long-junctions. The influence of N layer between FI and S
is shown in Fig.6. From Figs.6(a) and (b), we can see that
the current-phase relation still retains the non-sinusoidal
shape for different values of Ln1 and Ln2 in low temper-
ature limit. Throughout our study, we have not found
the sawtooth behavior of current-phase relation involving
magnetization in the long junction and low temperature
limit, as shown in Fig.5(c). This is because the mag-
netization makes the Andreev bound states gapped for
most values of ky [23]. The derivative of energy disper-
sion which creates Josephson current will be a smoother
function of phase than that in S/N/S junction. For the
temperature dependence of the critical current, we can
see that it behaves qualitatively different in low temper-
ature limit for mz and mx as shown in Figs.6(c) and (d),
respectively. For mz case, the critical current Jc satu-
rates at a constant value, which has been revealed by the
previous work [25]. However, for the mx case, it shows
a Kulik-Ome’lyanchuk type of critical current [62] which
has linear low-temperature behavior. We interpret it as
a result of the enhanced zero-energy LDOSs for mx mag-
netization as illustrated in Figs.3(b)(d)(f). In the high
temperature limit, it is shown that for both mz and mx
cases, Jc is a concave function while it crosses over to
a convex function with increasing Ln1 (or Ln2). This
behavior is similar to the S/N/S junction. Figures.6(e)
and (f) represent the critical current as a function of the
length Ln1 and Ln2, for different direction of magneti-
zation. It is worth noting that, although the interlayer
FIG. 6. S/N/FI/N’/S junction: current-phase relation for 3
cases of the N layer length Ln1 and Ln2 for (a) mz/µ = 1
and (b) mx/µ = 1. (c)(d) Temperature dependence of criti-
cal current corresponding to (a) and (b), respectively. (e)(f)
Critical Josephson current as a function of Ln1 and Ln2. The
temperature is chosen as T = 0.1Tc. Other parameters are
chosen as the same as in Fig.5.
6N in the S/N/FI/N’ junction could generate resonant
spikes in the transport phenomena, e.g., spikes in Figs.2
and 3, we find no oscillatory behavior in either current-
phase relation or critical current as a function of length
N (or N’). The critical current decreases monotonically
with the length Ln1 + Ln2.
IV. SUMMARY
In summary, we theoretically studied the S/N/FI/N’,
S/N/S and S/N/FI/N’/S junctions on the surface of 3D
topological insulator. We have constructed a formula to
obtain Green’s function. The conductance spectra and
local density of states in S/N/FI/N’ junction show reso-
nant spikes due to the Andreev bound states. The cal-
culated current phase relation and temperature depen-
dence of critical current in the Josephson junctions are
consistent with recent experiments in S/N/S junction.
We have also calculated current phase relation and tem-
perature dependence of critical current in S/N/FI/N’/S
junction. The non-sinusoidal current phase relation can
be expected for short junctions. We hope the obtained
results will be confirmed by experiments in the near fu-
ture.
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APPENDIX: WAVE FUNCTIONS
The wave functions in the N interlayer are
ψi(x) =
4∑
λ=1
siλNˆλe
ikn,λx, (16)
ψ˜i(x) =
4∑
λ=1
s˜iλNˆλe
ikn,λx, (17)
where
Nˆ1(2) =
[
vf
(
ikn,1(2) + ky
)
, µ+ E, 0, 0
]T
, (18)
Nˆ3(4) =
[
0, 0, vf
(
ikn,3(4) − ky
)
,−µ+ E
]T
, (19)
with
kn,1(2) = ±
√
(µ+ E)2/v2f − k
2
y = ±k
+
n , (20)
kn,3(4) = ±
√
(µ− E)2/v2f − k
2
y = ±k
−
n . (21)
For the FI interlayer, we find that
ψi(x) =
4∑
λ=1
f iλFˆλe
ik
f
λ
x, (22)
ψ˜i(x) =
4∑
λ=1
f˜ iλFˆλe
ik
f
λ
x, (23)
where
Fˆ1 =
[
ivfk
f
1 + (vfky +mx) , E −mz, 0, 0
]T
, (24a)
Fˆ2 =
[
E +mz,−ivfk
f
2 + (vfky +mx) , 0, 0
]T
, (24b)
Fˆ3 =
[
0, 0,−ivfk
f
3 + (vfky −mx) , E +mz
]T
, (24c)
Fˆ4 =
[
0, 0, E −mz , ivfk
f
4 + (vfky −mx)
]T
, (24d)
with
kf1 = −ς1
√
E2 −m2z − (vfky +mx)
2
, (25a)
kf2 = ς1
√
E2 −m2z − (vfky +mx)
2
, (25b)
kf3 = ς2
√
E2 −m2z − (vfky −mx)
2
, (25c)
kf4 = −ς2
√
E2 −m2z − (vfky −mx)
2
, (25d)
and ς1(2) = sgn (vfky ±mx). The wave functions in the
N’ region of S/N/FI/N’ are
ψ1(x) = c1Cˆ1e
ik+n x + d1Cˆ2e
−ik−n x, (26a)
ψ2(x) = c2Cˆ2e
−ik−n x + d2Cˆ1e
ik+n x, (26b)
ψ3(x) = Cˆ3e
−ik+n x + a3Cˆ2e
−ik−n x + b3Cˆ1e
ik+n x, (26c)
ψ4(x) = Cˆ4e
ik−n x + a4Cˆ1e
ik+n x + b4Cˆ2e
−ik−n x. (26d)
and
ψ˜1(x) = c˜1Dˆ1e
ik+n x
′
+ d˜1Dˆ2e
−ik−n x
′
, (27a)
ψ˜2(x) = c˜2Dˆ2e
−ik−n x
′
+ d˜2Dˆ1e
ik+n x
′
, (27b)
ψ˜3(x
′) = Dˆ3e
−ik+n x
′
+ a˜3Dˆ2e
−ik−n x
′
+ b˜3Dˆ1e
ik+n x
′
, (27c)
ψ˜4(x
′) = Dˆ4e
ik−n x
′
+ a˜4Dˆ1e
ik+n x
′
+ b˜4Dˆ2e
−ik−n x
′
. (27d)
with
k±n ≡
√
(µ± E)2/v2f cos θ
±
n , (28)
7The spinors are given by
Cˆ1(Dˆ3)=[i,±e
±iθ+n , 0, 0]T , (29a)
Cˆ2(Dˆ4)=[0, 0,±1, ie
±iθ−n ]T , (29b)
Cˆ3(Dˆ1)=[ie
±iθ+n ,∓1, 0, 0]T , (29c)
Cˆ4(Dˆ2)=[0, 0,∓e
±iθ−n , i]T . (29d)
Also, the conductance can be given as
σs = σ0
∫
dkyRe
[
1 +
k−n
k+n
|a3|
2
− |b3|
2
]
(30)
where σ0 is a constant parameter determined by the ge-
ometry of junctions.
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